We construct a sandpile model for evolution of the energy spectrum of the water surface waves in finite basins. This model takes into account loss of resonant wave interactions in discrete Fourier space and restoration of these interactions at larger nonlinearity levels. For weak forcing, the waveaction spectrum takes a critical ω −10 shape where the nonlinear resonance broadening is equal to the Fourier grid spacing. The energy cascade in this case takes form of rare weak avalanches on the critical slope background. For larger forcing, this regime is replaced by a continuous cascade and Zakharov-Filonenko ω −8 waveaction spectrum. For intermediate forcing levels, both scalings will be seen: ω −10 at small and ω −8 at large frequencies.
Introduction
Recent direct numerical simulations of the free water surface in finite basin in presence of gravity revealed a bursty character of the nonlinear energy cascade from small to large wavenumbers [1] . This behaviour reminds sandpile avalanches and its mechanism can be understood as a cycle:
• A cascade arrest due to the wavenumber discreteness leads to accumulation of energy near the forcing scale.
• This leads to widening of the nonlinear resonance.
• Sufficient resonance widening triggers the cascade thereby draining the turbulence levels and returning the system to the beginning of the cycle.
Below, we present and study a simple model for such a sandpile-like evolution of the water wave spectrum.
Model
2.1 Differential approximations for waves on an infinite surface.
Evolution of random weakly nonlinear gravity surface waves in basins of infinite size and depth is well described by the Hasselmann kinetic equation [2] . However, for many purposes one can use a simpler differential equation model which preserves many properties of the Hasselmann equation [3] [4] [5] :
where C 1 is a dimensionless constant. This equation preserves energy
and the waveaction N = 2π g 2 ω 3 ndω.
Even simpler differential approximation was suggested in [5] ,
where C 2 is a dimensionless constant. This equation conserved both energy and the waveaction, but it does not have thermodynamic solutions corresponding to equipartition of these quantities. If we insist that having thermodynamics equilibria is important, but ignore conservation of the waveaction (which can be done at scales smaller, but not larger, than the forcing scale) then we can use another 2nd order differential equation,
where C is a dimensionless constant. Similar approach in Navier-Stokes turbulence is called Leith model [6, 7] . Like in Leith model [7] , we can now find a "warm cascade" solution, i.e. the general stationary solution of (5) which contains both finite flux and finite temperature components,
where P and T are (dimensional) constants measuring the energy flux and the temperature respectively. For T = 0 we recover the pure cascade Zakharov-Filonenko state,
and for P = 0 we get the pure thermodynamic distribution,
Finite-basin effects.
Now we need to evaluate the 4-wave resonance broadening which is of order of the characteristic nonlinear time τ N L . Estimate for τ N L will be the same if one finds it using (1), (4), (4) or the original Hasselmann's kinetic equation [2] . It can also be found from a simple dimensional argument and the result is
This corresponds to the resonance broadening in the k-space given by
In our model, we will postulate that the wave spectrum will not evolve at ω if the resonance broadening κ N L is less that the k-grid spacing κ, and it will evolve as in the continuous case for κ N L > κ. Such a "frozen turbulence" state was first observed in numerical simulations of the capillary waves [9] and it was later discussed in [1, 10] . Thus, we put the Heaviside step function H(κ N L − κ) as a pre-factor to the evolution equation (5) in order to get a model for the spectrum evolution in discrete k-space,
Here, we have added a function γ(ω) which models forcing at low ω's (e.g. by wind) and dissipation at high ω's (by wavebreaking) and which, in principle, can be a function of n. We will assume that in between of the forcing and dissipation scales there exists an inertial range where γ ≈ 0. From now on, we ignore the dimensionless order-one pre-factor C since our resonance broadening is given by an order-of-magnitude estimate.
3 Behaviour predicted by the model.
Equation (11) with κ N L given by (10) will be our master model for the water-wave turbulence spectrum in a finite basin. Let us qualitatively consider the consequences of this model. Let us assume that initially there is no waves in the basin and let us start forcing the system at low frequencies. Then, there will be no transfer over scales and the spectrum will grow with the growth rate γ until it reaches the critical value where κ N L = κ. After that the nonlinear transfer will get activated and the energy will spill into the adjacent range of frequencies. If the forcing is so weak that its characteristic τ F = 1/max{γ(ω)} is much longer than the characteristic nonlinear time τ N L then the level of turbulence will never greatly exceed its critical value and the critical spectrum with κ N L ≈ κ will gradually occupy the entire inertial range. Condition κ N L ≈ κ gives for the critical spectrum
If the forcing is stochastic then the subsequent evolution will consist of small avalanches going down the critical slope with time intervals ∆t greater than the time ∼ τ N L needed for the avalanche to travel from the forcing to the dissipation scale. Note that this is a classical condition for sandpile models. To be specific, let us consider a type of forcing such that after each interval ∆t we add an increment (∆a)e φ where phase φ is random and uniform in (0, 2π] and a is a small positive value, ∆a ≪ √ n c . If at some moment of time n = n c at the forcing scales k ∈ (k F , k F + ∆k) then with probability 1/2 the spectrum will get greater than critical in the forcing range after time interval ∆t and approximately n = n c + ∆a √ n c . For ∆t ≫ τ N L , such disturbance will have enough time to travel/diffuse away before the next spectrum disturbance might appear at k F after another ∆t interval. Thus, the evolution of each super-critical disturbance can be treated separately. Because each of such disturbances is small, one can use the linearised version of the evolution equation (11),
with initial condition n| t=0 = ∆a n c (ω F ) for k ∈ ω F + ∆ω, and k = 0 otherwise.
Equation can be re-written asǫ
where ǫ = ωn is the spectral energy density. According to this equation, the disturbance generated by forcing will propagate toward high k with speed 4κg 19/2 while getting diffused at an increased rate (due to moving to higher ω's). The stationary solution of (15) decays as ǫ ∼ ω −3 or n ∼ ω −4 , i.e. significantly slower than n c ∼ ω −10 . Therefore, for a long enough inertial range the linear approximation will fail at some ω = ω * and the critical slope n ∼ ω −10 will be replaces by the Zakharov-Filonenko slope n ∼ ω −8 for ω > ω * .
Discussion
In this paper, we presented an evolution model for the spectrum of gravity water waves in finite basins. It has the following features:
• The model is give by a nonlinear second order equation in Fourier space.
• The model has the cascade Zakharov-Filonenko spectrum and the thermodynamic spectrum among its solutions. It also has a general stationary solution where both the flux and the temperature effects are present.
• The model takes into account the k-space discreteness by switching off the nonlinear evolution when the spectrum falls below a critical value. The critical spectrum is determined by the condition that the nonlinear resonance widening is equal to the k-grid spacing.
Based on this model, we established that for very weak forcing the spectrum takes the critical slope n ∼ ω −10 with occasional weak "avalanches" running down this slope. For larger forcing the system does not feel discreteness and the spectrum takes the Zakharov-Filonenko form, n ∼ ω −8 . For intermediate levels of forcing, the spectrum may have the −10 exponent at low frequencies and the −8 at large frequencies within the inertial range.
